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1 Introduction 



Let ^ be an n-dimensional complete Riemannian manifold with Riemannian metric gij. 
The following evolutionary equation for the metric gij 

%r = -2^^. (1-1) 

has been recently introduced by Kong and Liu [S] and named as hyperbolic geometric flow, 
where Rij stands for the Ricci curvature tensor of gij. For the study on the hyperbolic 
geometric flow, we refer to the recent papers [1], [2], [7], [8] and [9]. 

We are interested in the evolution of a Riemannian metric gij on a Riemann surface 
under the flow (jl.ip . On a surface, the hyperbolic geometric flow equation (jl.ip simplifies, 
because all of the information about curvature is contained in the scalar curvature function 
R. In our notation, R = 2K where K is the Gauss curvature. The Ricci curvature is given 
by 

Rij = (1-2) 

and the hyperbolic geometric flow equation (jl.ip simplifies the following equation for the 
special metric 

^ = -R9^r (1-3) 
The metric for a surface can always be written (at least locally) in the following form 

gij = v{t,x,y)6ij, (1.4) 

where v(t, x, y) > 0. Therefore, we have 

„ A In f , , 

R = . (1.5) 



Thus the equation (|1.3p becomes 



namely. 



Denote 



V 



d'^v Alnv 



vtt - Alnv = 0. (1.6) 
u = \u.v, (1-7) 



then the wave equation (|1.6p reduces to 

utt - e-"Au = -ul. (1. 



(jl.Sp is a quasilinear hyperbolic wave equation. The global existence and the life-span 
of classical solutions to the Cauchy problem for hyperbolic equations with the initial 
data with compact support have been studied by many authors (e.g., [6], [15], [3], etc.). 
However, only a few results have been known for the case of the initial data with non- 
compact support, which plays an important role in both mathematics and physics. 

Recently, Kong, Liu and Xu [9] studies the evolution of a Riemannian metric Qij on 
a cylinder ^ under the hyperbolic geometric flow (jl.ip . They prove that, for any given 
initial metric on in a class of cylinder metrics, one can always choose suitable initial 
velocity symmetric tensor such that the solution exists for all time, and the scalar curvature 
corresponding to the solution metric gij keeps uniformly bounded for all time; moreover, if 
the initial velocity tensor is suitably "large" , then the solution metric gij converges to the 
flat metric at an algebraic rate. If the initial velocity tensor does not satisfy the condition, 
then the solution blows up at a finite time, and the scalar curvature R{t, x) goes to positive 
infinity as (t, x) tends to the blowup points, and a flow with surgery has to be considered. 
This result shows that, by comparing to Ricci flow, the hyperbolic geometric flow has the 
following advantage: the surgery technique may be replaced by choosing suitable initial 
velocity tensor. Some geometric properties of hyperbolic geometric flow on general open 
and closed Riemann surfaces are also discussed (see Kong et al [9]). 

In this paper, we consider the Cauchy problem for (jl.8|) with the following initial data 



where e > is a suitably small parameter, uo{x) and ui{x) are two smooth functions of 
X G and satisfy that there exist two positive constants A G M"^ and k > l,k £ such 
that 



p.lOP implies that the initial data satisfies the slow decay property, that is, the initial 
Riemann surface are asymptotic flat. We shall prove the following theorem. 

Theorem 1.1 Suppose that uq{x), ui{x) G C°°(M^) and satisfy the decay condition 
U.10\) . Then there exist two positive constants 6 and Eq such that for any fixed e G [0, Eq], 
the Cauchy problem il.8\) - [T^) has a unique C°° solution on the interval [0,T£], where 
is given by 



t = : u = £Uo{x), ut = £Ui{x), 



(1.9) 




(1.10) 




(1.11) 
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As we know, the flow equation (jl.ip is a system of fully nonlinear partial differential 
equations of second order, it is very difficult to study the global existence or blow-up of 
the classical solutions of An interesting and important question is to investigate the 

evolution of asymptotic flat initial Riemann surfaces under the flow (jl.ip . In this case, 
although the equation (jl.ip can simply reduce to (jl.Sp . (jl.Sp is still a fully nonlinear wave 
equation, only a few results have been known even for its Cauchy problem. Our main 
result. Theorem 1.1, gives a lower bound on the life-span of the classical solution of the 
Cauchy problem (|1.8p - (|1.9p . This theorem shows that the smooth evolution of asymptotic 
flat initial Riemann surfaces under the flow (jl.ip exists at least on the interval [0,T£]. 

The paper is organized as follows. In Section 2 we establish some new estimates on the 
solutions of linear wave equations in two space variables, these estimates play an important 
role in the proof of Theorem 1.1. Based on this, we prove Theorem 1.1 in Section 3, which 
gives a lower bound of the life-span of classical solutions to the hyperbolic geometric flow 
with asymptotic flat initial Riemann surfaces. 



2 Some useful lemmas 

Following Klainerman |11] , we introduce a set of partial differential operators 

Z = {di {i = 0,1,- ■■ ,ny, Lo; {1 < i < j < n); fio* (i = 1, • • • , n)}, (2-1) 
where 

* = = (' = l.--,n), (2.2) 

n 

Lo = tdo + ^x^di, (2.3) 

i=l 

^ij = Xidj — Xjdi {I < i < j < n) (2.4) 

and 

Qoi = tdi + Xido (i = l,---,n). (2.5) 

Let denote a product of |/| of the vector fields (2.2)-(2.5), where / = (/i, • • • ,/o-) is 
a multi-index, |/| = Ii + ■ ■ ■ + I„, a is the number of partial differential operators in 
Z : Z = {Zi, • • • , Zg-) and 

Z^ = Zl' ■■■Z^-. (2.6) 
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Throughout this paper, we use the fohowing notations: LP(R") (1 < p < oo) stands 
for the usual space of all L^(M.'^) functions on M" with the norm H'^ denotes s-order 

Sobolev space on M"" with the norm 

ll/k» = ll(l + lel)^/llL^, 

where s is a given real number. 

The following lemma has been proved in Li and Zhou |15j . 



Lemma 2.1 For any given multi-index I = (/i, • • • ,/o-), we have 



[n,z']= Yl AuZ'a (2.7) 

i-'i<i-f|-i 



and 



[d^,Z']= J2 BijZ^d= J2 ^IJ^^^ (i = 0,l,--- ,n), (2.8) 
l-'l<l-fhl |.^l<l-f|-l 

where [•, •] stands for the Poisson bracket, J = (Ji, • • • , J^) a multi-index, □ denotes the 
f d d d \ 

wave operator, 9 = — , — — , • • • , — — and Ajj, Bjj , Bjj stand for constants. 

\Ot OXi OXnJ 

Lemma 2.2 Assume that n> 1. Let u be a solution of the following Cauchy problem 

(^tt -A(P = f, 

(2.9) 

t = 0: u = (j)o{x), ut = (piix). 
Then 

\mt,-)\\Hs <c{\\d,M\H' + m\Hs+ 1 ii/(t,-)iihO, (2.10) 

Jo 

provided that all norms appearing in the right-hand side of (2.10) are bounded. 
Proof. Taking the Fourier transformation on the variable x in (2.9) leads to 

kt + \i\H = f{t,i), ^^^^^ 

t = 0:^ = MO,^t = MO- 
Solving the initial value problem (2.11) gives 

Ht,0 = cosm)MO + '^MO + 1^ (2.12) 
Thanks to (2.12), we obtain 

dtkt, = -1^1 Mm)MO + cosm)MO + f cos((t - T)|C|)/(r, i)dT (2.13) 
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and 



\mt, = lel cosm)MO + smm)MO + / sin((t - r)|e|)/(T, OdT. 

Jo 

It follows from (2.13) and Minkowski inequality that 

\\dt<p{t, ■)\\h^ < 11(1 + smm)MO\\L^ + 11(1 + lei)^ cosm)MO\\L^ 

+ f\\{l + \^\)Uos{{t-Tm)f{T,0\\L^dT 

Jo 

< C (\\dMH^ + WMh^ + \\f{rr)\\Hs 
Similarly, we have 

\\dA{t,-)\\H^ < C (^\dMH^ + Ui\\h^+ l\\f{r,-)\\H^^ . 
Thus, (2.10) comes from (2.15) and (2.16) immediately. This proves Lemma 2.2. 
Lemma 2.3 Let (j) be a solution of the Cauchy problem 



j=0 

t = 0: = 0, = 



Then 



1^^ (|E/ll/^(^'-)ll^^'^^+ll/o(0,-)llL^j ■ 



In particular, for n > 2 it holds that 

m,x)\ < c{i+tr^ 



l-^o i=o 

/■* " 1 

+ / (l + r)-^^; Yl \\Z'fjir,-)h.dr\. 

3=0 \I\<n+l J 



Proof. Taking the Fourier transformation on the variable x in (2.17) yields 

n 

(i>tt + = ^ V^aj^jfj + aodtfo, 
i=i 

t = 0: 4> = 0, 4>t = 0. 
Solving the initial value problem (2.20) gives 



By Minkowski inequality, we have 



Using the integration by parts, we obtain 
io l?l 

= -ao 



<Cj]||/,(r,.)||L2dT. (2.22) 

L2 



ao 



*sin((t-T)|C|),,,_ „ r*sin((t-r)|e|) 



lei 

sin(tl^l) 



dfo 



/o(0,0 + ao cos((i-r)|e|)/o(r,OdT. 



It follows from the Minkowski inequality that 
sin((t-r)|e|) 





< |ao| 



sin(tlCI) 



-dtfodr 



/o(0,0 



L2 



+ |ao| 



L2 



cos((t-r)|e|)/o(r,Odr 



(2.23) 



L2 



<C||/(0,-)||^-i+C / ||/o(r,-)||L2fir. 

JO 

Noting the definition of and using Holder inequality, we have 

11/(0, Olliz-i = sup ^ — < 11/(0, OIIl^- 

Combining (2.23) and (2.24) yields 
^*sin((t-T)|e|) 



ao 



-dtfodr 



<C||/(0,-)||l2+C / ||/o(r,-)||L2dr. 

L2 Jo 



(2.24) 



(2.25) 



Thus, we obtain (2.18) immediately from (2.21), (2.22), (2.25) and Minkowski inequality. 

The proof of (2.19) can be found in Li and Zhou [IB], here we omit it. Thus the proof 
of Lemma 2.3 is completed. ■ 

The following lemma comes from Klainerman |10] . 



Lemma 2.4 Suppose that cp is smooth and satisfies 

n 

□0 + ^ yfc(t, x)djdk(t> = F {0<t<T), 

j,k=0 

and suppose furthermore that 

6 — > as Ixl — )■ oo. 



// 



n 

Y.W^\<- {0<t<T), 



j,k=0 
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then, for any given t G [0,T], it holds that 

\mt,-)\\L2 < 2exp|^*2|7(T)|dT| ||a</)(0,-)||L2+2^*exp|£2|7(r)|dr| OlU^ds, 

(2.26) 

where 

\'y{t)\=snp\da'\t,.)\. 

Lemma 2.5 Suppose that G = G{w) is a sufficiently smooth function ofw = {wi, • • • , Wm) 
with 

G(0) = 0. (2.27) 
For any given integer N > 0, if a vector function w = w{t,x) satisfies 

J2 II^^^«(*,-)||l- < ^^0, VtG[0,r], (2.28) 

l/l<[f] 

where [■] stands for the integer part of a real number and vq is a positive constant, then it 
holds that 

Y,\\Z'G{w{t,-))\\LP <C{u^)Y,\\Z'w{tr)\W. VtG[0,r], (2.29) 

\I\<N \I\<N 

provided that all norms appearing on the right-hand side of (2.29) are hounded, where 
C{uq) is a positive constant depending on vq, and p is a real number with 1 < p < oo. 

The proof of Lemma 2.5 can be found in Li and Chen |14j . 

Lemma 2.6 Assume that I = (/i, • • • , /q-) and J = (Ji, • • • , J^) is a multi-index. If a 
vector function (j) = (j){t, x) satisfies 

E \\zU{t,-)\\L^ <'^o, VtG[0,r], (2.30) 

l^l<[^] 

then it holds that 

\\Z'{{e-'^-mcP){t,-)h2 < Cii^o) E E \\Z''<Pit,-)\\L4Z''dicP{t,.)U^ + 

\h\<\i\\i,l<[ll}-l] 

^(^O) E E \\Z''Ht,-)\\L^\\Z''d,(P{t,-)\\L2. 

\l2\<\I\\I,\<[m] 

(2.31) 

provided that all norms appearing on the right-hand side of (2.31) are bounded. 



Proof. When |/j = 0, by Lemma 2.5 we have 



(2.32) 



\\{e-^-mct>{t,.)U. < ||(e-^-l)(i,.)||L-||W,-)llL= 

< C{uo)\\cP{t,-)\\L^\\mt,-)\\L^- 
For |/| > 1, it fohows from Minkowski inequality and Lemma 2.5 that 



|Z^((e-<^-l)9,0)(t,.)||L2 < C Yl \\Z''{e-'''-l){t,.)\\L2\\Z'^mt,.)U^ + 

\h\ + \h\<\I\,\Ii\>\h\ 

C Yl WZ'^ie-'^ - mr)\\L^\\Z''mt,-)\\L^ 

\h\+\h\<\I\,\Ii\<\l2\ 



< C{uo) Y E \\Z''Htr)\\L4Z''mt,-)\\Lo^ + 

\h\<\i\\i,l<[\Ihl] 

C{^o) E E \\Z''4>{tr)\\L-\\Z''d,<t>{tr)\\L^. 

\h\<\i\\i,\<[\ll] 

(2.33) 

(2.31) follows from (2.32) and (2.33) immediately. Thus the proof of Lemma 2.6 is com- 
pleted. ■ 

Lemma 2.7 Suppose that (f)Q{x) , (f)i{x) € C°°(M^) and suppose furthermore that there 
exist two positive constants A G and k G M"*" such that 



(x)\ < 



A 



:, \Mx)\ < 



A 



(l + lxl)'^' " - (l + |a;|)*^+i 

If (p = 4>{t, x) is a solution of the following Cauchy problem 

4>tt - = 0, 

t = 0: (/) = (/)o(2;), 04 = (/)i(x). 



>1). 



(2.34) 



Then it holds that 



\Ht,x)\ < { 



CA 



^l + i + |x|(l + \t- \x\ 



CA 



X 



i\x\<t). 



(2.35) 



Remark 2.1 Here we would like to mention that, if the condition (H) is replaced by 

l^o(x)| < \M-)\<jY^^ (^>i)- 
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Tsuyata 118^ has showed that the solution of the Cauchy problem (2.34) satisfies the fol- 
lowing decay estimate 

r A 

m,x)\< 



^l + t + \x\^l + \t- \x\\ 
Obviously, Lemma 2. 7 improve the Tsuyata 's result given in I18\j . 

Proof of Lemma 2.7. It is easy to see that the solution of (2.34) reads 



4>{t,x) 



We first estimate 
Introduce 



1 



27rt2 
1 



tcPoiy) + t^My) + tvMy) -{y-x) 



'27rt 



\x-y\<t (t2-|y-x|2) 

<Ao(?/) 



dy. 



x-y\<t (t2 -\y - xP)2 



-dy\- 



(2.36) 



x = {\x\cos9, |2;|sin6'), y = (r cos(6' + ^), rsin(0 + ^)) 
and let x be the characteristic function of positive numbers. Then 



1 

27rt 



My) 



-j/l<t (t^ -\y - x\^)2 



-dy 



< 



< 



A 



J\^~y\<t Vt2_|y_^|2(i + 



-dy 



27rt W|t-|a;|| (1 + rY y^t2 - |a;|2 - + 2r|x| cosV' 



dipdr-\- 



X{t - \x\) 



t~\x\ 



(1 + r)*^ y^t^ - |x|2 - r2 + 2r|a;| cos 



dijjdr 



where 



</5 = arccos ■ 



|x|2 + r2 — t2 



2|x|r 



(2.37) 



Let h{y) be a continuous function on M and y = (rcos(0 + ^), r sin(0 + tp)). Define 
'■"P h{r,0 + ip) 

-ip \Jt'^ — |a;|2 — r2 + 2|x|rcos^/^ 



i?(t, r, 9,h) = < 



h{r,e + i^) 



J -TV Y^t2 _ |2;|2 _ _j_ 2|x|r cosV' 



+ r2 — i2 



2|x|r 



< 1, 



|x|2 +r2 -t2 



2|x|r 



> 1 



and 



H{t,\x\,r) = H{t,\x\,r,e,l), 



where, as before, (p is given by 



if = arccos ■ 



Ixp + r2 - t2 



2|x|r 



The following proposition has been proved in Kovalyov [13 
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Proposition 2.1 (I) If 



t> \x\ + r and 



2\x\r 



> 1, 



then H{t, \x\,r) satisfies 



H{t,\x\,r) < C- 



In 2 + 



r\x\ 1 



V^t2 - |a;|2 - 
/lere and hereafter C stands for some constants. 

(W If 



< 



c 



then 



t < Ixl + r and 



C 



< 1, 



|x|,r) < In <^ 2 + 



2|x|r 
r|a;|x(t — 



where x 'is the characteristic function of positive numbers. 
We now continue to estimate (2.37). 

To do so, we distinguish the following two cases: |x| > t and |x| < t. 

Case I: \x\ > t 

It follows from (2.39) that 

1 f My) . - CA 



—dy 



< 



t+\x\ 



1 



— dr. 



"^T^t J\x-y\<t {t'^ -\y-x\^)i 

In the present situation, we distinguish the following cases: t > 1 and < i < 1. 
Case I-A: t > 1 

In this case, according to /c, we distinguish the following three cases: 
Case I-A-1: A; > | 



In the present situation, it holds that 



(2.38) 



(2.39) 



(2.40) 



CA 



t+\x\ 



1 



—dr 



CA 



t^/\x\{l + i^i - ty 



l + \x\-t 
l + \x\+t 



Noting 



and 



I- s^-^^ <C{1- s), VsG[0,l] 



1 + Ixl - t 



2t 



l + \x\+t l + |x|+i' 
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we have 



1 

27rt 



My) 



\x~y\<t (t2 -\y- x|2) 



-dy 



< 



< 



CA 



x\{l + \x\ - t)''~2{l + \x\ +t) 
CA 



(2.41) 



^\x\+t{l + \x\-t)''-2 



Case I-A-2: /c = | 

It follows from (2.40) that 



1 

27rt 



My) 



-y\<t (t^ -\y- x\'^)2 



rdy 



< 



< 



CA 

t\/\x\ 



' ' 1 . CA ^ . 
x-ht (1+0 tJ^\ 



2t 



l + \x\-t 



CA 



< 



CA 



|(l + |x|-t) + t(l + |x| -t) 



(2.42) 



Case I-A-3: I < k < 



In the present situation, it follows from (2.40) that 



1 
27ri 



My) 



\x-y\<t (t2 -\y - x\^)2 



rdy 



< 



CA 

t\nx\ L 



(1 + t + |x|) a-'^ - (1 + |x| - t) 2- 



CA 



ty/\x\{l + \x\ -ty 



l + t + \x\\2 
1 + Ixl - t 



Noting the fact that 1 < /c < |, we have 



l + t + \x\\i-'' Ct 
l + \x\ -t ' 



l + \x\ -t 



Hence, 



1 

27rt 



My) 



—dy 



< 



CA 



VIxl +t(i + l^i - ty 



(2.43) 



'\x~y\<t (t2 -\y- x|2)" 

Summarizing the above argument, for the case that |x| > t and i > 1, we obtain from 
(2.41)-(2.43) that 



1 

27ri 



My) 



\x-y\<t (t2 -\y- a;|2)2 



-dy 



< 



CA 



y/1 + \x\ +t{l + \x\ - tf-i 



- {k>l). (2.44) 



Case I-B: |x| > t and < t < 1 

We next consider the case that |x| > t and < t < 1. In this case, we distinguish the 
following two cases. 

Case I-B-1: |i- |x|| < 1 
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Introducing the variable r = |x — y|, we have 



27rt 



My) 



\x-y\<t (t2 -\y- x|2)2 



-dy 



< 



< 



27rt 



CA 



CA 



\^~y\<t |y-x|2)2(l + |y|)fc 



dy 



-.dr < 



CA 



(2.45) 



Case I-B-2: |t - |x|| > 1 

Noting the fact that > t and < t < 1, we observe 



\x\>t + 1. 



Thus, by the case (I- A), we have 

1 f My) 



2vrt J\x-y\<t (t2 - \y - x|2)t 
Therefore, combining (2.44)-(2.46) gives 

1 f My) 



-dy 



< 



CA 



v^i + t + |x|(i + |x| -ty 



rdy 



< 



CA 



27rt J\x-y\<t (t2 -\y- x|2)t 
provided that > t. 

Case II: < t 

We now consider the case that \x\ < t. 
It follows from (2.37) that 

1 r My) 



yr+t+R(i + |x| - ty 



2TTt ./|„ 



\'-c~y\<t (t2 -\y- 2;|2)2 



rdy 



<I + II, 



where 



J- A. r^'""' H{t,\x\,r)r jj_ A. H{t,\xlr)r 
~ 2TTt (1 +rf ' ~ 2^t Jo (1 + r)'= 

We next estimate / and // by distinguishing the follows cases. 

Case II-A: i + |x| > 1 

It follows from (2.39) that 

1 



I<-^l in<!2 + 



tWlxl Jt-\x 



\x\ 



\x\ + r — t 



—dr. 



(2.46) 



(2.47) 



(2.48) 



(2.49) 
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Introducing the variable ^ = |x|+r — t, we have 

CA /-^l^'l ( \x\] 1 



ty/\x\ Jo [ C ) {1 + + t - \X\y- 2 

t^\il + t-\x\f-2 Jo I C J 
OA 

-[2\x\ ln(3|x|) - 21x1 ln(2|x|) + 2\x\] (2.50) 



t^y\x\{l + t- \x\ 



\k- 



2 



CA CA 

< 7- < 



< 



Vi{l + t-\x\)''-2 ^t+\x\{l + t-\x\)''~2 
CA 



^/i + t + \x\{i + 1 - \x\r-2 



We now estimate II. 
By (2.38), we have 



CA Z-*-!^! 1 
II < / = dr 

~ t Jo _ +^)2(i + ^)fc-i 

CA r*-!^! 1 

< — , / — , = dr. 

t^/t+\x\Jo Vt- |x| -r(l + r)'=-i 



Let 



p = \/t — \x\ — r. 

Then 



CA fVt^\ 1 

- ^TfTRio (i + t-|x|-p2)fc-i^^ 
< . ^. — rrr / . . . , , rirrc^P- 



t7tTR(l + i- |x|)— ^ (Vl + i-kl -p)'=-i 

In order to estimate //, we distinguish the following three cases 

Case II-A-1: k>2 

In the present situation, it follows from (2.51) that 
CA f 1 



// < , — —j^{^^==== — ^=^-(yrTT 



(2.51) 



t7tTR(i + t-|x|)^ [Wi + t-\x\-^t-\x\)'^ 



X 



\k~2 



CA 



< ^ , ,^ — ^(Vi + i-kl + v^ 

tv^iTR(i + t- |x|)— 

CA CA 

< — . < 



\x\ 



\k-2 



t^t+\x\yjl + t- \x\ ^Jl + t+\x\^Jl + t 
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Case II-A-2: k = 2 

In this case, by (2.51) we have 

CA 



II < 



< 



t^t + I^Ia/I + i - |x| 
CA 



X In • 



1/1 + t — |x| — — \x\ 
Vl + t - |x| 



< 



t^Jt + Y^l + i - |x| -^/l + t - |x| - - |x| 



Case II-A-3: 1< A; < 2 

In this situation, we obtain from (2.51) that 
CA 



II < 



< 



ty^t + \x\{l + t - \x\) — 
CA 



^[{l + t- \x\)^ - (Vl + i-lxl - v/^3^)-'=+2} 



V^l + t + Ixlv^l + t - |x| 
Summarizing the above argument gives 

// < 



CA 



^/l + t + \x\^/l + t-\x\ 
provided that t + |x| > 1. 

Case II-B: < t + |x| < 1 

As before, introducing the variable r = \x — y\, we have 



(2.52) 



1 

27rt 



My) 



-y\<t (t^ -\y - a;p)2 



-dy 



< 



< 



1 



CA 



2vrt J\x-y\<t if -\y- x|2)f (1 + \y\f 
CA r , CA 



dy 



zdr < 



vrt Jo - r2 ^l + t+|x|v^l + t 



- |x| 
(2.53) 



Combining (2.50) and (2.52)-(2.53) leads to 



1 



My) 



2vrt J|x-?/|<t (t2 -\y- x|2)t 
(2.47) and (2.54) imply 



rdy 



< 



CA 



(|x| < t). (2.54) 



1 

27ri 



Ay) 



\^-y\<t (t^ - |y - x|2)2 



CA 



< < 



V^l + i + |x|(l + |t- 
CA 



- (kl>i), 



(2.55) 



v/l + i + |x|Vl + |t- 



|x| < t). 
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By Tsutaya [18], we have 

1 f My) 



2tx 



x~y\<t (t^ -\y - xP) 2 



-dy 



< < 



CA 



^/i + t + \x\{i + \t-\x\\r 2 

CA 



(2.56) 



^l + t+\xyi + \t 



{\x\<t) 



and 



27rt 



V'/'ol?/) • {y - x) 
x-y\<t (t^ — \y — xp) 2 



< < 



vr+T+|x|(i + |t - |x| 



- i\x\>t), 



V^l + t + |x|v^l + |t- |x| 



(|x| <t). 



(2.57) 



(2.35) follows from (2.55)-(2.57) and (2.36) immediately. Thus, the proof of Lemma 2.7 is 
completed. ■ 

Lemma 2.8 Suppose that (p is a solution to the Cauchy problem 



4>tt - Act) = g 



with zero initial data. Then 
|0(t,x)| <C(l + t + |x|) 



n-l 
2 



{Z'g){T,-)/il+r + \-\)^hidT. (2.58) 



|/|<n-l ■ 

In particular, for n = 2 and p G (1, 2] it holds that 



||</.(t,-)||LP(R2) <C(l + t)i W ||5(r,-)||Li(M2)(ir. 



(2.59) 

Proof. The inequality (2.58) comes from Homander [3] or Klainerman jllj directly, while 
the proof of (2.59) has been proved by Li and Zhou [15]. ■ 



Lemma 2.9 Suppose that n = 2, and suppose furthermore that 4> = 4>{t, x) is a solution 
of the wave equation 

(Ptt-A^=\9i92{t,x)\ (2.60) 
with zero initial data. Then it holds that 



L2(M2) < ^(1+4)4 < 



j\l + t)--2 \\Tg,{r, •)|li2(^2)rfr i U'^ \\g. 



Ll^l<i 



dT 



(2.61) 
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and 

1 

( . ^ 2 ( , 

dT 



(l+i)^||</>(t,-)||L^(R^)<C f Y,\\^'9i{rr)\\h^=\ r j;||r^52(r,-)lli2- _ 

(2.62) 

Proof. The proof of (2.61) can be found in [15]. In what follows, we prove (2.62). 

Let E be the forward fundamental solution of the wave operator. By the positivity of 
E and the Holder inequality, we have 

0(i, x)<E* |<7i52(t, x)\<{E* gf{t, x)) ^ {E * gl{t, x)) ^ . (2.63) 

It follows from Lemma 2.8 and Holder inequality that 

E^gl{t,x)<C{l + t)-lY. f\\Z'g,{T,.)\\l,^=. (2.64) 

Similarly, 

E*gl{t,x)<C{l + tr'2Y^ f\\Z'g,{r,-)\\l,^=. (2.65) 

(2.62) comes from (2.63)-(2.65) immediately. This proves Lemma 2.9. ■ 
The following lemma can be found in Klainerman |12j . 



Lemma 2.10 Assume that p G [1,00) and N is an integer satisfying N > ^. Then it 
holds that 

m,x)\<C{l + t + \x\)-'^{l + \t-\x\\)-p Yl \\Z^Ht,-)\\Lv, (2.66) 

\I\<N 

provided that all norms appearing on the right-hand side of (2.66) are hounded. 

3 Lower bound of life-span 

This section is devoted to the proof of Theorem 1.1. In order to prove Theorem 1.1, it 
suffices to show the following theorem. 

Theorem 3.1 Suppose that uo{x), ui{x) G C°°(M^) and satisfy that there exist two posi- 
tive constants A G and k G M+ such that 

- (TtW' '^^^"^'- (i + w+^ 
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Then there exist two positive constants S and Eq such that for any fixed £ G (0,eo], the 
Cauchy problem i f j.(g)] - 07Pj) has a unique C°° solution on the interval [0,Ti;], where Tg is 
given by 



•-e — 4 
£3 



1. 



(3.1) 



Proof. The local existence of classical solutions has been proved by the method of Picard 
iteration (see Sogge [T7] and Hormander [S]). In what follows, we prove Theorem 3.1 by 
the method of continuous induction, or say, the bootstrap argument. 
Let li and I2 be two positive integers such that 

h-3>l2> ^[h] + l. 

Introduce 

Mi(t)= \\dz'uit,.)\\mR^), 
\i\<h 

M2{t) = ||Z^n(t,-)||L2(R2), 

|7|</i 

Ni{t)= Y \\dZ'u{t,-)\\L^ 

\I\<l2 

N2{t)= Y \\Z'u{t,-)Uo 

By the bootstrap argument, for the time being it is supposed that there exist some positive 
constants Mj, Ni (i = 1,2) and fi such that 



(3.2) 



Mi{t) < Mi£, 
M2{t) < M2e(l + t)i 
{l + t)^Ni{t) < iVie, 
(l + t)iiV2(t) < N2e, 
provided that e, ^ are suitably small and satisfy 

e(l + t)t 



(3.3) 



(3.3a) 
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According to the bootstrap argument, in what follows we show that, by choosing Mi 
and Ni (i = 1,2) sufficiently large and e suitably small such that 

1 



Mi{t) < -Mie, 
M2{t) < ^M2e{l + t)l, 
{l + t)-2Ni{t) < iiVie, 
(l + t)5iV2(t) < iiVse, 



provided that e, fi are suitably small and (3.3a) holds. 
We first estimate Mi{t). 
The equation ()1.8|) can be rewritten as 



(3.36) 



□u = (e"" - 1)Am - ul 



(3.4) 



It follows from Lemma 2.1 and (3.4) that 

\h\ + \l2\<\I\0<ii,i2<2 
Ul| + U2|<|/|0<n,i2<2 

By Minkowski inequality, (3.2) and Lemma 2.5, for / with |/| < /i — 1 we have 



Y E ^//i/2^'He""-l)9.,.,Z^^n(t,-) 

I^i| + |/2|<|/|0<ji,i2<2 



L2 



<C E E \\Z''{e-''-m.r.Z'Mt,-)\\L^ + 

l-fl| + l-f2|<|/|,|/l|>|/2| 0<n,i2<2 

C E E \\Z''{e"''-m.^.zMt.■)\\L- 

|A| + |/2|<|/|,|/i|<|/2|0<n,i2<2 

<C E E \\Z'^{e-''-mLA\dm.zMt.-)\\L- + 

l^l| + l^2|<|/|,|^l|>|/2| 0<n,i2<2 

C E E \\Z'^{e-''-mL-\\^n^.zMt.■)\\L- 

\h\+\h\<\IWi\<\h\(^<h,i2<'i 

< C{M2{t)Ni{t) + Mi{t)N2{t)}. 

provided that > is suitably small. 



(3.5) 



(3.6) 
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Again by Minkowski inequality and (3.2), for / with |/| < /i — 1 we get 
^ An,iAiZ''udi,Z'^u 

|/l| + l^2|<|/|0<il,j2<2 ^2 

<c Yl E m,z'^u{t,-)\\M,z'^u{t,-)\\L^+ 

l-fi|+l^2|<|/|,|/i|>|/2| 0<n,i2<2 (3.7) 

C E E \\^^,Z'Mt,■)\\L^\\^^,Z''u{t,.)\\L^ 

\h\ + \h\<\I\,\h\<\h\0<ii,i2<2 

< CMi{t)Ni{t). 

On the other hand, noting Lemma 2.2 and using (3.5)-(3.7), for / with |/| < Zi — 1 we 
have 

\\dZ'u{t, •)||l2 < C\\dZ'u{0, •)||i2 + C [\m2{t)Ni{t) + Mi{t)N2{t) + Mi{T)Ni{T)]dT. 

Jo 

(3.8) 

We now estimate \\dZ^u(t, (|/| = h). 
By Lemma 2.1 and (3.4), 

DZ^u = Z^Uu+ Y AijZ-^Du 

\J\<\i\~i 

2 

= 5^ (e-" - l)a,a,Z^n + E ^IhhZ'He-''-m,^2Z''u 

i,j=0 |/i| + |/2|<|/|,|/2|<|/|-l0<n,i2<2 

+ Y E ^ihhdhZ''ud^,Z'^u. 

\h\ + \l2\<\I\,0<iui2<2 

Hence 

2 

aZ^u + X] (1 - e-'')didjZ^u = E E ^ihhZ^'ie"" - m,^,Z^'u 

i,j=0 |/i| + |/2|<|/|,|/2|<|/hl0<n,j2<2 

+ Y E ^IhI2^^^Z^^U^,,Z^^U. 

\h\ + \h\<\I\,0<ii,i2<2 

(3.9) 

Similar to the proof of (3.6), when eo > is suitably small, for / with |/| = h it holds 
that 

II E E ^//i/2^'He-"-l)9.,.2^''^^(ir)llL2 <'^[M2(t)iVi(t)+Mi(t)iV2(t)]. 

I^i| + l^2|<|/|,|/2|<|/|-l0<ii,i2<2 

(3.10) 
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Similar to the proof of (3.7), for / with |/| = li we have 

II Yl Yl ^Ihh^^^Z''u^i,Z'^u{t,■)\\L^ <CMi{t)Ni{t). (3.11) 

I^l| + l^2|<|/|,0<ji,i2<2 

On the other hand, because of (3.3), it holds that 

Y^\Y^<CN2e<-, (3.12) 

i,j=0 

provided that e is suitably small, where 7'-^ = (1 — e~"). Moreover, for \ j{t)\ defined as in 
Lemma 2.4, we have 

2/ \^{T)\dT <CNifi< In 2, (3.13) 
Jo 

provided that e, ^ are suitably small and (3.3a) holds. Thus, noting Lemma 2.4 and using 
(3.9)-(3.13), for / with |/| = h we have 



\\dZ'u{t,-)\\L2 <A\\dZ'u{Q,-)\\L2+C / (M2(T)7Vi(r) + Mi(r)A^2(r) + Mi(r)iVi(r))dT. 

Jo 

(3.14) 

Combining (3.8) and (3.14) yields 

Mi{t) <Kie + C [ (Af2(r)iVi(r) + Mi{t)N2{t) + Mi{T)Ni{T))dT. (3.15) 
Jo 

We next estimate M2{t). 

In the present situation, the equation (jl.Sp can be rewritten as 



□n = ^9i((e-" - l)diu) - uj - ^5i(e~" - l)diU. (3.16) 

i=l i=l 

By Lemma 2.1 and (3.16), we obtain 

UZ'u = Bii,i,di,{zi{e-^ -l)di,Z'^u) + 

\h\+\l2\<\I\^<n,n<2 

Y Y Bn,iAiZ''udi,Z'^u+ 

\h\ + \h\<\I\0<ii,i2<2 

Y Y Bn,i,d,,{z'^ie---l))d,,Z'^u. 

\h\ + \l2\<\I\0<ii,i2<2 

Let 

Z^u = Wo + wi + W2 + W3, (3.17) 
where 1110,1111,102 and ^113 satisfy 



Dwo = 0, 'u;o|t=o = Z^u{0, x). 



dwo 



dt 



t=o 



^ '{0,x), (3.18) 
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, wi\t=o 



dwi 



I^i| + |/2|<|/|0<ii,i2<2 



dt 



0, 



i=0 



dw2 



1^2 k=o 



l^l| + l^2|<|/| 0<il,i2<2 



dt 



(3.19) 
0, (3.20) 



t=o 



and 

DW3 



5^ Bn,iAi{z'^ie-''-l))di,Z'^u, W3\t=o 

l^i|+l^2|<|/| 0<n,i2<2 



dt 



respectively. Thanks to Lemma 2.7 and (3.18), we have 

\\Mt,-)\\L^ < < 



Cev'ln(2 + t) (|x| < t), 
Ce i\x\ > t). 



(3.21) 



(3.22) 



When eg > is suitably small, noting Lemmas 2.3, 2.5 and using (3.19) and (3.2), we 
obtain 



\\m{t,-)\\L2 < C 



f r E E \\Z''{e-''-mzMr,.)U.dr + 

\ ° |/i| + |/2|<|/|0<i<2 



Y E \\z''{e-''-mz^M^,.)u. 

\h\ + \l2\<\I\0<i<2 



(3.23) 



< C [ [M2{t)Ni{t) + Mi{T)N2{T)]dT + Ce. 
Jo 

Noting Lemmas 2.9, 2.1 and using (3.20), (3.2) gives 

E E { [\l + rr^\\Z'd,,Z'Mr,-)\\] 

n^i n^,-. «„^o (.Jo 

1 

\d,,Z'^u{Tr)\\l2dTy + 



\\w2it,-)\\L^ < C(l+t)3 Y 

I^l| + l-f2|<|/|,|/l|>|/2| |J|<lO<ji,i2<2 



C7(l + t)i Y EE I Al + T)-^||^X^Vr,-)lli2y 

|/iH-|-f2|<|/|,|/i|<l/2| |J|<lO<n,j2<2 '^•^0 J 



x<| / \\d,,Z'Mrr)\\hdT 



< Cil + t)-4\ / {l + T)—2M^{T)dT} \ / M2(r)dr^ . 



(3.24) 
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By Lemma 2.9, Minkowski inequality, Lemmas 2.1, 2.6 and (3.2), it follows from (3.21) 
that 



\\w,{t,.)\\L^<C{l + t)-. EE { fa + rrM\Z'd,,Z^Mr,-)\\hdTy 



l^l| + l^2|<|/|,|/l|>|/2| |J|<lO<n,j2<2 



t 



,Z'^ie-^-l){T,-)\\L^dTj + 

^(1+*)^ E EE y\i+rr-^\\z'd,,z'^ie---i){T,-)\\UT^ 



|J'l| + l^2|<|/|,|-fl|<|/2| lJ|<10<n,j2<2 



x!^l^\\d,,Z'^u{T,-)\\L^dT^ 

<C7(l + i)i EE { [\l + r)-^\\Z'd.,Z^Mr,-)\\hdry 



l^l| + l^2|<|/M/l|>|/2| |J|<lO<ii,i2<2 



xjy^ (||Z^H(e""-m,n)(T,.)|li2 + ||^^^a,,^(T,.)|li2)dT| + 

^(1+*)^ E EE { [\i+rrH\\z'z'^{{e^^-m,u){T,.)\\i, + 

l^i|+|/2|<|/|,|/i|<|/2| |J|<io<n,i2<2 '^■^0 

\\Z-'z'-d,Mr,-)\\h]dT}'^ X l^l^\\d,,Z'^u{T,-)\\L.dT 

< C{1 + t)i + r)-Uf2(r)dr| ' [A/f (r)iV|(r) + M|(T)Ar2(r) + Ufir)] drj ' + 

C(l + t)3 |^*(1 + r)-^ [Af 2(r)Ar|(r) + Af|(r)iV2(r) + M^ir)] drj ' x {^^ (^)^^- 

< C(l + t)i |^*(1 + r)-5 [M2(r)iV|(r) + M|(r)iV2(r) + M^{t)] dr^ ' 

X [M2(r)iV|(r) + Af|(r)iV2(r) + Mi2(r)] drj ' . 

(3.25) 
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provided that eo > is suitably small. Thus, combining (3.17) and (3.22)-(3.25) yields 

M2{t) < K2e^/\n{2 + t) + C [ {M2{t)Ni{t) + Mi(r)iV2(r))dr+ 

Jo 

C{1 + i)^ + ry-^ [Mf{T)N^{T) + MI{t)NI{t) + MI{t)] dr 

X I /* [mI{t)nI{t) + mI{t)nI{t) + mUt)] dT 



(3.26) 

We now estimate N2{t). 

Using Lemma 2.7, we obtain from (3.18) that 

il + t)'2\\wo{t,-)\\L^ <Cs. (3.27) 
Noting Lemmas 2.3, 2.5 and using (3.19), (3.2), when > is suitably small, we have 
il + t)-2\\wi{t,-)U^<C I'\i+t)-2 Y1 E \\Z'He-''-mz'Mr,-)\\L^dT+ 

|/i| + |/2|<|/|0<i<2 

C [\l + r)-l Yl E E ll^'(^'ne-"-l)a.zN(^'-)llLirfr 

|/i| + |/2|<|/| |J|<30<i<2 

< {l + T)^Ni{T)N2iT)dT + (l + T)~iAfi(r)M2(t)dr| . 

(3.28) 

Noting Lemma 2.9 and using (3.20) and (3.2), we obtain 
{l + tf2\\w2{t,-)\\L- < ^ E E E \ f\\Z'{d.,Z'^u)ir,-)\\h^^y 



X 



^l| + l^2|<|/| |J|=lO<ii,i2<2 

* dr 

, ||Z^(9.,Z^^n)(T,.)|li2^_ 
Vl + T 



2 







(3.29) 
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By Lemmas 2.9, 2.1, 2.6, Minkowski inequality and (3.2), when eo > is suitably small, 
we obtain from (3.21) that 

( ft 

{l + t)^\w3{t,-)\\L^ < 



I^il+I^2|<|/| |J|<lO<n,j2<2 ^ ^ ' 



X / \\Z'id.,Z^-u)iT,.)\\h 



dT 



< C 1^ (1 + r)-^ [m!{t)nI{t) + Mi{T)N^{T) + Mfir)] drj ' |^ (1 + T)-hdf{T)dT 

(3.30) 

Collecting (3.17) and (3.27)-(3.30) gives 

ft ft 
{l + t)^N2{t) < Kse + C / (l + r)^iVi(r)iV2(r)dr + C / (1 + r)-tMi(r)M2(t)dr 

Jo ./o 

+C j Al + r)^^(Af2(r)Ar|(r) + A4I{t)nUt) + Mf{T))di 



{l+T)-^Mf{T)d 

(3.31) 

Since, for the time being it supposed that (3.3) holds, (3.12) and (3.13) are true, 
provided that eq is suitably small, and then, by (3.15), (3.26) and (3.31) it holds that 

Mi{t) < Kie + C{M2Ni + M1N2 + MiNi)e^{l + t)t, (3.32) 

M2(t) < K2£^/H2Tt) + CiAhNi + M1N2 + MiNi)e\l + t) (3.33) 

and 

(1 + t)^N2{t) < Kse + C{NiN2 + M1M2 + M2Afi + MiiV2 + Mf)e'^VTTt. (3.34) 
On the other hand, by Lemma 2.10, we have 

(l + i)Wi(t) < CMi{t). 

Thus, choosing 

Ml > AKi, M2 > 4:K2, N2 > Ni > 2CMi, 
we obtain from (3.32)-(3.35) that 

' Mi(t) < ^Mie, 

M2{t) < iM2e(l + t)3, 
{l + t)^Ni{t) < iiVie, 
(l + t)iiV2(t) < iiVae, 



(3.35) 



(3.36) 
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provided that and fi are suitably small and satisfy 

eo(l + t)^ </i- 

4 

Take 5 = n'i . Thus, the proof of Theorem 3.1 is completed. B 
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